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Block-Diagonal Equations for Multibody Elastodynamics

with Geometric Stiffness and Constraints

Arun K. Banerjee
Lockheed Palo Alto Research Laboratory, Palo Alto, California 94304

This paper presents a comprehensive, block-diagonal matrix formulation of the equations of motion of a
system of hinge-connected flexible bodies undergoing large rotation and translation together with small elastic
vibration. The formulation compensates for premature linearization of equations, associated with the customary
treatment of small elastic displacement, by accounting for geometric stiffness due to inertia as well as interbody
forces. The algorithm is first developed for a tree configuration and is then extended to the case of closed
structural loops by cutting the loops and expressing all of the kinematical variables into terms dependent and free

of constraint forces/torques. A solution procedure satisfying constraints is given.

Introduction

ULTIBODY dynamics has come a long way since the
pioneering work of Hooker and Margulies! published
about 25 years ago. When the bodies can be treated as rigid,
the theory is exact, and books, e.g., Refs. 2 and 3, and efficient
computer programs*® dealing with them are now available.
When the bodies in the system must be considered as de-
formable, useful theories are only approximate. Typical multi-
flexible-body dynamics codes®’ are based on the assumption
of small elastic displacement of a body in a reference frame
that can go through large rotation and translation; the elastic
displacement is expressed by superposition of assumed modes
and dynamical equations are linearized in the modal coordi-
nates. However, this process is unavoidably one of premature
linearization and, although producing acceptable simulations
in many benign situations, can yield completely erroneous re-
sults®® in more stringent applications. Correct linearization
requires taking care of the deformation constraints of the par-
ticular continuum, for example, beam or plate.®% One can,
however, compensate for premature linearization by the con-
sideration of geometric stiffness'!-!7 that is iteratively updated
with deformation. Recently, an approximate theory!® of mo-
tion-induced stiffness of arbitrary structures has been devel-
oped that does not require repeated forming of the geometric
stiffness matrix, and this method has been implemented in a
multibody dynamics formalism.'®
Formulations of the equations of motion of a multibody
system in all of the previous references give rise to a high-or-
der, dense ‘“mass’’ matrix. It can be shown that the procedure
used to form the coefficients of the mass matrix and then to
uncouple the equations with respect to the highest time deriva-
tive of the dependent variables require ©(n?) arithmetic opera-
tions, where n is the number of degrees of freedom of the
system. Recursive or order-n formulations, where the compu-
tational count varies as n, has been a subject of intense re-
search in the field of multibody dynamics recently.?2-3! There
is a basic similarity in the O(»n) formulations published so far

in that all use recursive methods in three passes: a forward pass
to construct the kinematics, a backward pass to get the first
dynamical equation, and a final forward pass to get the rest of
the dynamical equations.

The method behind order-n formulations, however, varies.
For example, Ref. 20 uses Lagrange’s equations whereas Refs.
21, 22, and 31 use Kane’s equations; Refs. 23 and 24 use an
operator algebra technique in deriving the equations; Refs. 25
and 26 use the method of virtual work; Refs. 3 and 27 use the
Newton-Euler method, and Ref. 28 uses a velocity transforma-
tion approach. References 29 and 30 apply the procedure be-
hind deriving order-» equations to a system of flexible bodies.
However, Ref. 29 introduces many Lagrange multipliers where
none are needed with a different formulation strategy, and
Ref. 30 does not treat constraints. None of these papers in-
clude considerations for motion-induced stiffness.

The contribution of the present paper is twofold. First, it
gives a block-diagonal formulation of the equations of multi-
flexible-body dynamics accounting for geometric stiffness due
to inertia as well as interbody forces,’? a feature required for
correct representation of flexible body dynamics over a wide
range of motion. Second, the paper gives a detailed treatment
of the equations of motion of systems with holonomic con-
straints, in a manner that preserves the block-diagonal formu-
lation and satisfies the constraints at the position, velocity, and
acceleration levels. The following section gives a simple exam-
ple illustrating how geometric stiffness due to inertia and inter-
body forces compensates for premature linearization in a
multibody context. The main text then describes a multibody
system and develops the recursive kinematics, the block-diago-
nal algorithm incorporating geometric stiffness, and the treat-
ment for constraints.

Example
The example described here extends the simple example of
Ref. 18 to establish the need for considering geometric stiff-
ness due to interbody forces as well as inertia forces when two
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Fig. 1 Simple system having geometric stiffness due to interbody and
inertia forces.

or more flexible bodies are attached in series. Figure 1 shows
three massless rigid rods, OA, AB, BC, connected at the
hinges A and B by torsional springs of stiffness k. Rod OA of
length r is driven by a motor at the angular speed w(?). Rods
AB and BC are each of length L. A particle of mass m is
attached to AB at B, and another particle of mass m is at-
tached to BC at C. The angle between OA and 4B is g;, and
the angle between AB and BC is q;. The correct dynamical
equations of this system for assumed small motion in ¢, and ¢,
are

MQ +KQ =F, 0 =Ilg,ql” 1)
where
5 2 - (5L +3r
M =mlL? R F=—-maL
2 1 2L +r
B k+3mo*rL me?rL .
| moerrL k+mw?L(r+L) @

It is well known that, for correct linearization, nonlinear terms
in the velocity expressions have to be kept up to a certain stage
in the analysis. Thus, for example, if one linearizes the ve-
locities of B and C in g; and g;, and uses these in Lagrange’s
equations, one obtains the incorrect linear equations in the
form of Eq. (1), with M and F remaining as in Eq. (2) but with
the (wrong) stiffness matrix K,

3

k —maw?L?

k —Sma?L?
K=
—2maw?L?

—2m szz}

It is apparent that the consequence of premature linearization
in this case has been a loss of stiffness. If one is to use prema-
turely linearized equations, as one is forced to do in the case of
arbitrary elastic bodies with the customary assumption of
small deformation, what mechanism does exist for compensat-
ing for this loss of stiffness? The answer, as was given in Ref.
18, is geometric stiffness due to existing loads. In the case of
a terminal body the existing forces include all of the inertia
forces on the body. In the case of an intermediate body, the
interbody forces may be as important3? as the inertia forces on
the body, and thus their combined contributions to geometric
stiffness must be considered. For this particular example, iner-
tia force magnitude on rod BC in the undeformed configura-
tion is

FBC¢ = mu?(r +2L) C))

and the force on rod AB consists of the inertia force for the
mass on AB and the interbody force applied by rod BC on AB,
which, in the absence of any external force on BC, is the inertia
force of BC, thus yielding the interbody force magnitude,

FAP=mwX(r+L)+mw*(r+2L) )

Using the well-known form of the geometric stiffness matrix
for a bar® and the displacements at the ends of the rods 4B
and BC, one can write the potential energy associated with this
load-dependent stiffness as

FAB 1 -1 0 FBC
P,=05—10 L + 0.5 —
¢ L ! q‘][—l 1} {qu} L

1 -1 Lg,
X [Lq1 L(Q2q, +QZ)] [ -1 1] {L (2q, +qz)} ©

Generalized active force due to this additional potential en-
ergy is

)
g |
- oP, [~ [K1{Q]
g,
3r+5L r+2L
_ 2
K] me[r+2L r+2L] M

As can be checked, the matrix K, in Eq. (7) when added to
the incorrect stiffness matrix of Eq. (3) gives precisely the
correct stiffness matrix in Eq. (2). Nofe also that the correct
equations would not be obtained if the force FA% on AB ac-
counted for only the inertia of B and not the interbody force
from BC. In other words, the error of premature linearization
can only be compensated for by the addition of geometric
stiffness effects associated with both inertia and interbody
forces. This idea will be used subsequently in the context of
multibody dynamics.

Multibody System

A system of rigid and flexible bodies connected in a topolog-
ical tree is shown in Fig. 2a. The bodies are numbered arbitrar-
ily, with an inertial frame denoted as body 0 and a topological
array is defined such that body j has inboard adjacent body
¢(j) in the path going from body j to body 0. Figure 2b shows
two adjacent bodies B; and B, ;) connected at a hinge allowing
rotation and translation, with Q; a hinge point on B; and P;
the corresponding hinge point on B.(;. Reference frames j
and p; are attached to Q; and P;, respectively. Let 7/ denote a
(T; x 1) matrix of generalized coordinates representing T; rela-
tive translations of Q; relative to P;; let ¢/ denote a (R; x 1)
matrix of generalized coordinates representing R; relative rota-
tions of frame j with respect to p;, and let %/ denote a (M; X 1)
matrix of modal coordinates for body /. Note that this de-
fines n degrees of freedom of the N-body system, where # is
given by

N
n=2:1 (R, +T; + M) 8)
iz

Recursive Equations of Kinematics

In developing the kinematics, the basic assumption made
regarding elastic displacements and rotations is that they are
small and are given by modal superposition. Referring to
Fig. 2b, the angular velocity of frame j can be computed from
the angular velocity of frame c(j) as follows:

ol = CLjy i [0+ “ P + Copjy, iG] ©)

Here C,j,; is the matrix transforming the j frame to the ¢(j)
frame; o<)(P;) denotes the modal rotation at P;; and G/ is
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Oc(j

Fig.2b Two adjacent bodies connected at a hinge allowing relative
rotation and translation.

the gimbal transformation matrix between frames P; and j.
Velocity of the point Q; in Fig. 2b can be obtained recursively
as follows:

v = Cc{j),j {v Qcli) 4 el [ch(j)P,- + ¢c(j)(pj)nr(j)]
+ ¢EDPYD + Coy pn L 7+ [5,0(/‘)
+ ¢c(j)(Pj)ﬁC(j)] Cetiy.pi Lj,j} (10)

Here L/7/ denotes the p (j)-axis measure number of relative
translational displacement of hinge Q;, and the quantities with
a tilde denote the usual the skew-symmetric matrix formed out
of a 3 x1 matrix. Now, obtain the partial velocity? of Q; with
respect to the relative translation at hinge Q; and the partial
angular velocity? of frame j with respect to the relative rotation
of j at hinge Q; by inspection from Egs. (9) and (10) and use
these to define the partial velocity/partial angular velocity

matrix R/
0 Lo

Note that the use of Eqgs. (9) and (10), which are linear in the
modal coordinates, before the extraction of partial velocity/
partial angular velocity constitutes premature linearization %10

Now, following Ref. 21, separate the acceleration of Q, and
the angular acceleration of frame j into two groups of terms,
one (associated subsequently with the subscript 0) that involves
second derivatives of the generalized coordinates and another
that does not.

a% =a@ + a? ol = o+ of (12)

Further, separate ¢ and o into a group representing all
inboard body contributions and another associated with the
hinge Q;, so that

@) agf} H
(-] =5 o

Differentiation of Eq. (9) and use of the preceding definitions
lead to the recursive construction of o

of =CTy) {afu) +&ed [wcu‘)(pj YD 4 Cc(j)’p(j)(;jgj]

+ Ce(y () G'0/ + [99”” (P )] Ce(j.pn G0 } a4

Differentiation of Eq. (10) and use of the definition in Eq. (12)
lead to the following recursive construction of g%/

a% = CT(j),j<a,Qf Dt o [ch P 4 e D(P; )y
+ Coiy p 7 ] + & [g)c(j)( re0F; 4 ¢ U(P; )l
+ 240 (P) )P + [J)C(j) + (P, )ﬁcm] {[&,c(j)

+ (B )iV )] Cetp oyl T+ 2Cejy p LT }

- [Cc(j),p(j) Lj,j] g,f(j)gadj)(pj)ﬁdj)> (15)

Equations (9), (14), and (15) are computed in a forward pass
going from body 1 to body N for use in a backward pass
for generating the dynamical equations described in the next
section.

Block-Diagonal Equations of Dynamics

Equations of large overall motion of a single flexible body
are well known and are the building blocks of the multibody
equations. The emphasis here is on the exposition of the block-
diagonal form of the multibody equations and, to save space,
reference will be made to Refs. 18 and 19 for any part of the
single-body equations not essential to our purpose. The modal
equations for a terminal body j, due to inertia and external
forces, thus can be written by reference to Eq. (10) of Ref. 19
in the matrix form,

Eliii + bi7a% + gl — QINW + 2Q0p/ 9/ + Ta? + Tio/
+ T+ Nyl = j o!" df] (16)
J

where EY is the generalized modal mass; b/ and g/ are (3 X M;)
modal integral matrices defined in Ref. 19; @/ is a (M; X 3M;)
banded matrix with the body components of the angular veloc-
ity w/ appearing in each row starting with the diagonal; A/
is (3M; x3) matrix made up of 3x3 modal dyadics D{
(i=1,...,M;) defined in Ref. 19; and p/ is a (M; x M;) modal
integral defined in Ref. 7. Generalized structural stiffness is A/,
and the right-hand side in Eq. (16) represents the generalized
active force due to external forces on body j.

Geometric stiffness in Eq. (16) is described by the terms
involving T (i=1, 2, 3). It has been shown in Ref. 18 that
motion-induced stiffness of an arbitrary structure can be de-
scribed by the geometric stiffness due to 12 inertia loads corre-
sponding to the 12 columns of the (3 x 12) load matrix given
next for each node of the body,

af
Sy = —miUs xUs yUs ziUs) 17

aljz
where Us is the 3 x 3 identity matrix, m; is the lumped mass
at the ith node, (x;, y;, z;) are the coordinates of the ith node,
and the 12 elements of the column matrix at the right refer to

12 terms in the expression for the acceleration of the hinge at
the base of the structure. In terms of the notations of Eq. (12),
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these acceleration terms for the jth single body of a multibody
system are

af

af ;= {af+af)

aj
aj ] o o o]
alp =<3z — [0 0 —1|{oh+od]
al z4 0 1 0]

(18)
al z4 { 0 0 1
aft=<zic—| 0 0 0ffoh+ol]
af zd -1 0 0]
aiy z4 0 -1 0
a{l = z§ - |1 0 [a{)+a’;]
ai, zd 0 0
where

zi zi zf

i zd | =&

7 2§

Dynamic stiffness in Eq. (16) is now defined in terms of the
12 geometric stiffness matrices K}, due to unit values of a/
(i=1,...,12) in Eq. (17) and the modal matrix ¢/ and the
modal coordinate 4.

Gl = ¢"Kj;¢/
M =(Gin' Gin' Ginl
Iy = [(Gi-Giyw' (Gly— GO (Gi~ G|
Tf = Gn/z{ + Gin'z{ + Gin'z{ + Gin'z{ + G{n'z]
+ G’z + Glon'z + Gliw'zd + Gln'zd (19

Based on Eq. (12), Eq. (16) can be written as

Eiii= Al {a‘%} Y ©0)
o
where
A= -[b"+1{ g/"+T}] @n

Yi=— {bfra,Q" +g/ o — VN + 2077 + T a@
+ ol + T+ W} n S ol df 22)
J

The resultant inertia force and the moment of the inertia forces
about the hinge Qj, together with the external forces and mo-
ments, can be written following Eq. (10) of Ref. 19 as a set of
equilibrated forces and moments in the matrix form,

f*j—fj (g )
{z*f—tj =M ij + M5+ X7 (23)
e 0

where the following definitions are used in terms of mass m/,
and deformation-dependent first and second moments about
the hinge, s//% and I'/%;

; mt — /9
M=o g @4

Y
M= [gf:l @)

&/&/sI'% + 20 iy — FY

S+ o oM 26
ozf,} &% +2 Y, Di*pfw/—T¢ @6)
k=1

Here D/* is the transpose of D/ defined in Ref. 19. Now using
Eq. (20) in Eq. (23), and defining

M{=M]+ M{E/ A/
Y{=X/+ MEI"'Y] 27
allow Eq. (23) to be rewritten as
SH—f, g j aOQ/ i
{t*f—ti = Mj o +Y (28)

Kane’s equations? associated with the hinge degrees of free-
dom for a terminal body j are written by premultiplying the
dynamic equilibrium equations, Eq. (28), by the transpose of
the partial velocity/partial angular velocity matrix in Eq. (11),
where multiplication with the zeros in Eq/(11) are avoided.

7/ R R 1< A (i
0w en] e (8) e

Here f} and t] are the hinge interaction force and torque on
body j, and

v = RI"TM{R/ (30)
Use of Egs. (13) and (29) in Eq. (28), and the definitions
M =M} - M}R/v 'RI"M]
. €)))]
j ipii-1piTvi '-*vlfil
X =Y - M{R/»W R/ Y{+M{R/V py
h

lead to a re-expression of Eq. (28) as
%) _ fJ as
{f , fe} =M{j’} +X (32)
V-t &b
Now define the kinematical propagation equation

59i Qc(j)

a Na e

{0}="{%m3+NWW> (33)
C\fo

ap

where W/ is a shift transform,

- [er,, -c, 7o
Wi = [ C:)J),/ C(é);_J () (34)

e

and the following additional notations have been introduced:

Ni=Ci {"’C” (Py) = Cetjy.o(p L/ T/ P )} 35)

o (P,
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[Cns 0
C’=[ PO } (36)
().

Here the skew-symmetric matrix in Eq. (34) is formed out of
the position vector from Q. to Q; resolved in the ¢(j) basis,

rc%f-)(f)Qf' = rQcHP 4 ¢c(j)(pj)ncu) + Ceijy iy T €1)

The equilibrated system of force and moment at Q;, expressed
in the j basis, is obtained by substituting Eq. (33) in Eq. (32)

L ol
{f*j. fej.} =M Wfi“" (7)}+Nfﬁ°”> +X (38)
t*j_t‘{ 0/ as(l)

The interbody force applied by body j on body c(j) at P; is
obtained by replacing the force system of Eq. (38) from Q; to
P;. In the c(j) basis this is expressed as

* _ fJ ) ( Qe o
{f y % j} =d5v M<Wf{ o j)} +Nfﬁ”<f)> +X| (39)
1N —=1) e o

where

Ceijy,j 0

a5 = (40)

CenCo i/ Cegjyg

Geometric stiffness caused by interbody forces on body c(j)
contributes to generalized active force, written keeping linear
terms in 7V, as follows, where S is a 6 X 6 identity matrix
except for a zero row corresponding to a rotation axis in the
p(J) frame for which no moment can be transferred:

) 6 ) o (gQch
Fiivosy = ~ X G2 S;0d; [MW’{ ;8(,-)} +X] @1
Contribution to the equations of motion associated with 5<()
for an inner body come from three sources: the inertia and
active forces on body c¢(j), the geometric stiffness effects due
to inertia and interbody forces, and the equilibrated system of
forces and moments acting at Q;. With the use of Eq. (12) this
is written as

L (ag@ew . )
Ec(j)ﬁc(J) —AD EOREE YICU) - i;gér)body
*g
Fxj _ £J
+ Nf’{f ‘ f?g =0 42)
- ti Q;/i
Substituting Eqgs. (38) and (41) in Eq. (42) and collecting terms,
one gets the modal equations for #°V? in the same form as
Eq. (20),

Qc())

N Na .

Ecjel) = Ac(j){;c(j)} + YO (43)
0

after the following replacements indicated by arrows have
been made:

EcWoEeW) + NITMNI
AD— 4¢0) — NI'MWI — E} sz‘i),-n”")sf‘”df(”MW’ 44)
i=
6
YD~ YD - Ni"X - ¥ G D SEDdei x
i=1

Now, the forces and moments acting at Q; can be replaced at
Q.(; and expressed in the (/) basis by using the shift trans-
form of Eq. (34),

{f*f—fé] _ W,T{f*f—fz} @5)
t*j_té Qe(jyes) A Q;/j

To this set of forces and moments is added the resultant of
all of the active and inertia forces and moments about Q.(;),
yielding

=18 _ ypenas? cWseld 4 xel)

,—2:50 {z*f—zg = M; o + M§D5e0 + X (46)
where S, is the set of all bodies outboard of the hinge Q.(;),
and the following replacements have been made:

MDD~ MWD + WiTMWi
MED~M5D + WiTMNJ 47)
XD xe) y Wity
Now, the solution for #°¢” is used from Eq. (43) in Eq. (46),
and Eq. (13) is invoked with j replaced by ¢(j), and Kane’s

dynamical equations associated with the degrees of freedom at
the hinge Q,(;, are written as before.

FeD I B 1 ,
= — () () 46)] (/)
gycu)} = — v RS M ao§ 6

L et (F87 48)
15

This reproduces two cycles of the formulation of dynamical
equations, covering the degrees of freedom of two bodies. This
pattern is repeated until the equations for the base body
(body 1) are written; at this stage, the inboard body accelera-
tions/angular accelerations are zero or prescribed. Assuming
that the zeroth body is the inertial frame, Eq. (48) reduces for

Jj=1to
] S )
{;J} = _VJ‘RJ”YZJHJ“({’;) 49
h

Fig. 3a Rigid body with three articulated flexible appendages.

N

L [ [ M— -

Fig. 3b Structure of the dynamical equations for the system in
Fig. 3a.
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and concomitantly, Eq. (13) reduces to

A I

permitting the computation of %/ from Egq. (43). Once the
dynamical equations for the base body are formed, the rest of
the dynamical equations are obtained by using the kinemati-
cal equations “‘going up the tree.”” The algorithm is block
diagonal because it breaks down the dynamical equation of
the n-degree-of-freedom system into sub-blocks for each
body j, each sub-block requiring inversion of matrices of order
M; and (T} + R;). The structure of the dynamical equations to
be solved for the highest derivatives is schematically shown
in Fig. 3b for a system with one rigid body and three articu-
lated flexible bodies of Fig. 3a. The overall algorithm is sum-
marized next.

Summary of the Algorithm for a Tree Configuration

First forward pass:

Step 1) For j=1,...,N (number of bodies) compute w’
from Eq. (9), a¥ from Eq. (15), «f from Eq. (14), E/ (a con-
stant matrix), A/ from Eq. (21), Y{ from Eq. (22), M{ from
Eq. (24), Mj from Eq. (25), X/ from Eq. (26), W/ from
Eq. (34), N/ from Eq. (35); and specify S/ in Eq. (41).

Backward pass: ) )

Step 2) For j=N,...,1 compute M9 and Yy from Eq. (27),
» from Eq. (30), and M, and X from Eq. 31). If j =1, go to
step 5.

Step 3) Compute the updates defined in Eqs. (44) and (47).

Step 4) Replace j by j —1. Go to step 2.

Second forward pass:

Step 5) For j =1, compute in sequence Eqgs. (49), (50), and
(43). Set j=2.

Step 6) Compute in sequence Egs. (33), (29), (13), and (43).

Step 7) If j =n, stop. Otherwise, replace j by j + 1 and go
to step 6.

Treatment of Constraints

This section is concerned with systems of bodies subjected to
motion constraints and motion-induced stiffness. When there
are constraints on the system such as that represented by a
closed loop of bodies, one approach?®?° that lends itself to the
block-diagonal formulation is to cut the loop, impose equal
and opposite constraint forces and torques on the bodies sepa-
rated, and treat the resulting system as one of a tree configura-
tion. Figures 4a and 4b illustrate the situation, where the mo-

Fig. 4a System of bodies in a closed kinematic loop.

Fig. 4b Equivalent system with the loop cut at a hinge.

tion as well as the constraint forces and torques are unknown.
Let F, and T, denote the body measure numbers of the con-
straint force and torque acting on one of the bodies at the joint
that is cut, and introduce the notation

F,
N= [T} Gb

and define for the same ‘‘terminal’’ body j

6
o S
Hi= ¢l - EG{2+iﬂJS{
P

s [r oo
H2=[r~j 1] (52)

where Gy, ; refers to the ith generalized geometric stiffness
due to interbody force and moment; and ¢, and r. refer to the
modal displacement at, and position vector from Q; to, the
cut joint, respectively. For the other terminal body at the
cut joint, ¢, and r. are used with the signs reversed and with
appropriate basis transformation. Now with this additional
force and torque of constraint, Egs. (20) and (23) become,
respectively,

{ad j j
Edi = A4 0§+ ¥{ + HIN (53)
0
fH—fl {a i i
RS ol + M{#) + X7 — Hi\ (54)
e

Use of Eq. (53) in Eq. (54) leads to the terms defined in Eq.
(27) as before, and the new term

H{=H{- M{E/"H{ (55

Equations for the hinge degrees of freedom are modified from
Eq. (29) to

# RS iy i fh
{9/} = —p/ RI [Msf {&J +Y2’—H3f)\} + v/ <t'{
(56)

With this the expression for the equilibrated set of forces and
torques at the hinge, Q; is obtained as

i _ £J o9
{fj fg}:M{a°}+X—H)\ 7)

®%j_ 4] &
1Y —1) &y

where the definitions of M and X are retained as in Eq. (31)
and

H = Hj{— MJRi» 'RI"H] (58)
The equations corresponding to the modal coordinates for the
inboard body now become

agew

EcUjel) = Acm{ } +YED ¢ HEDN (59)

a(c)(j)
where the definitions of Eq. (44) remain unchanged, and geo-

metric stiffness due to interbody forces on body c(/) are ac-
counted in

6
HW = [El G e NSENGew Nﬂ} H (60)
i=

Finally, shifting the forces and moments from Q; to Qc;,
using the updates of Eq. (47), defining further

H{D = H§D + wi'H (61)
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and using the procedure given earlier for deriving equations
for hinge degrees of freedom yield

e L o . &gcm ) )
= — e () () ) () _ gge)
{éc(i)} R M; a0 § T LR —H N

+ oy i (62)
1

In summary, note that Eqgs. (62) and (59) differ from Eqs. (48)
and (43), respectively, only by the one term associated with
the constraint forces and torques. In other words, setting
the constraint forces and moments to zero recovers the equa-
tions for the tree configuration, as it must. To evaluate the
second derivatives in Eqs. (62) and (59), one needs to know the
unknown constraint forces and moments which show up in
every dynamical equation. The solution is obtained by the
additional consideration of the kinematical equations describ-
ing the constraint condition such as loop closure. However, a
direct substitution of the constraint equations will destroy the
block-diagonal feature of the dynamical equations. The fol-
lowing algorithm preserves the desired block-diagonal charac-
ter of the coefficient matrix of the dynamical equations. De-
fine for j =1

1
1_ 1-1p1Tv1 1-t fh
=—pl" RVYY; +v»
f1 2 <t}i>

63)
cl=»""RVH]
thus starting the sequence with
;’:1
4t =fl+e!N (64)

Now, use of Eq. (13), where the zeroth body is the inertial
frame, yields

a 1
{%3=g1+h‘)\ (65)
Qo
where
g'=R'f!
(66)
h'=R'c]

Reference to Eq. (53) and use of the definitions, again for
j = 1’

fi=E" Al + Y]]

. (67)
c; =E' [A'h'+ H})

yield the equations for the modal coordinates of body 1 in the
form

il=f + e\ (68)
Use of Egs. (65) and (68) and the definitions

ej_: ngf(j) + Njfg(l)

69
nd = Wipe) 4 Nfcg‘j)
in Eq. (33) lead to the equations
ag o
L =e +n/\ 70
Qp

When this is substituted in Eq. (56), and the following general-
ized notations are introduced,

fi=—vi lRJT[M3’eJ+ YZ’] + v 1<{ﬁ>
h
1)
¢ = —v/ 'RV [Min/— Hi)

the equations for the hinge degrees of freedom are obtained.

by . .
g =+ e (72)
Use of Egs. (70) and (72) in Eq. (13) and the definitions
, (73)
R =n/+Ric!
yield the general relation
@)
(=g + hiX 74)
o

Finally, substitution of Eq. (74) in Eq. (53), and defining
{=E/"[Alg/+ Y]]

_ , o as)
¢} = E/ [A'h + HY)

produce the equations for the modal coordinate for the jth
body.

i/ =3 + ¢4\ (76)

This completes the recursive generation of the differential
equations of motion for a constrained system of flexible
bodies. These equations will have to be solved together with
the constraint equations. For holonomic constraints, the con-
straint conditions can be written as m nonlinear algebraic
equations in the n generalized coordinates, m <#.

f(QI’~-~7Qn)=0 an

One way® of solving for the highest derivatives in the motion
variables is to differentiate Eqs. (77) twice with respect to time
and solve the resulting equations together with the dynamical
equations. However, this approach is known3 to give rise to
growing drift in constraint satisfaction at the position/orienta-
tion level in the course of numerical integration. Recent math-
ematical research® has suggested that ‘‘any sound numerical
method for solving the equations of motion in the constrained
form must be stabilized by insuring that the position con-
straints are satisfied.”” A procedure that simultaneously satis-
fies the constraints at the position, velocity, and acceleration
levels is given next.

Two differentiations of Eq. (77) with respect to time yield

JU + J,Uy = = (U + J,Uq ) (78)
where the following notations have been used:

Ly,

> = s U =g i
aqi d aqd i qi

Us=4s (79

i

with the set of generalized coordinates partitioned into a subset
q; of independent generalized coordinates and the subset g, of
dependent generalized coordinates. Now the dynamical equa-



BANERJEE: MULTIBODY ELASTODYNAMICS 1099

tions generated sequentially in Eqgs. (72) and (76) for bodies
Jj=1,...,N can be stacked together and written as follows:

U =F +CX\
_ (80)
Uy =F;+ CyN

Substitution of Egs. (80) in Eq. (78) provides the equations for
the measure numbers of the constraint forces and torques.

C; + JyCalN = — { JiF; + J,Fy + J;U; + J;Uy ) 81)

The dynamical differential equations are now explicitly known
by using Eq. (81) in Egs. (80). In situations where the coeffi-
cient matrix in Eq. (81) is singular, the penalty method of
Ref. 36 may be used. To summarize, the following set of dif-
ferential-algebraic equations’ has to be solved for constrained
dynamical systems.

Ui = F; - CilJ:Ci + J,Cql "YW IiF; + JuFy + J:U; + J,Uy ) (82)

q; = U; (83)
JU +J,U; =0 (84)
f(gi,qa)=0 (85)

Computational Efficiency

A general purpose multibody dynamics code based on the
formulation given here has been developed at the author’s
institution. In one early application to a wrap-rib antenna
undergoing large deformation during deployment, modeled
with 160 rigid segments attached to an L-shaped cantilever
beam, with complex interbody forces and bodies connected to
one another at two-degree-of-freedom hinges by nonlinear
springs, the computational savings of the block-diagonal for-
mulation over a coupled formulation has been significant
(26 times faster). Computational efficiency of the algorithm
can be augmented by symbolic code generation for specific
problems.

Conclusion

A comprehensive and computationally efficient formulation
has been given for the equations of large overall motion of a
system of flexible bodies subjected to motion-induced stiffness
and constraints. For an arbitrary elastic body, the method
requires a one-time computation of geometric stiffness ma-
trices due to 12 distributed inertia loadings and six point load-
ings per hinge connection. By accounting for geometric stiff-
ness due to inertia forces as well as interbody forces, the
formulation retains its validity over a wide range of rotation
and translation rates. For systems with configuration con-
straints, the formulation given in the paper satisfies the con-
straint condition at the position, velocity, and acceleration
levels. The algorithm decouples the dynamical equations of
each body within the system, and these latter equations are
further decoupled into subsets requiring inversion of two ma-
trices, one of order equal to the number of modes kept and the
other of order equal to the number of relative rigid-body de-
grees of freedom for a body with respect to its inboard body.
For constrained systems, an additional matrix of order equal
to the number of constraints has to be inverted. The overall
block-diagonal nature of the algorithm makes it computation-
ally attractive, especially for systems where there are a large
number of flexible bodies.
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